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All questions carry equal marks. Attempt all the questions.

1. Prove that the polynomial P (X) = X3 − 3X − 1 is irreducible over |Q,
the field of rational numbers.

2. Compute the degree [Q( 3
√

2 +
√

5) : Q].

3. Prove that 8X3 − 6X − 1 is irreducible over Q.

4. Let char k = p > 0 and f(X) ∈ k[X] be such that f ′(X) = 0. Prove
that ∃ a polynomial g(X) ∈ k[X] such that

f(X) = g(Xp).

5. Let H and K be subgroups of G, |H|2 > |G|, |K|2 > |G|. Show that
H ∩K 6= {1}. Here | | denote the order.

6. Let n ≥ 3. Prove that the cycle (1 2 3) is not the cube of any element
in Sn.

7. In Sn, prove that conjugate of a cycle of length r is a cycle of length r.

8. Determine the number of conjugacy class in S4.

9. Find the number of non-isomorphic abelian groups of order 81.

10. Let K = Q(α1, . . . , αn) where α2
i ∈ Q for 1 ≤ i ≤ n. Prove that

3
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2 6∈ K.


